I. INTRODUCTION
Generally, in undergraduate physics courses, interference of light is treated within the classical theory of light under the scalar approximation. One of the first examples introduced is Young's double slit experiment. 1 This is one of the most important experiments in physics since it plays a crucial role in the development of optics, the understanding of the nature of light, the comprehension of quantum mechanics, and the foundation of the theory of coherence. An example of an analogous interferometer is the Fresnel biprism, which presents some advantages with respect to the doubleslit experiment, for instance, the reduction of light losses and the possibility to produce interference with spherical or plane waves. 1 When the topic of interference is being taught in physics courses, questions that typically arise are what would be observed if the superposing beams are orthogonally polarized to each other and what would happen if a third polarizer is placed after the slits. Unfortunately, questions about the state of polarization in the superposition area of the two beams are usually discarded.
On the other hand, the topic of polarization of light is also present in the syllabus of optics courses. One studies how to describe, detect, and modify the polarization, but always considering a uniformly polarized beam across the transverse section. However, optical beams can be non-uniformly polarized. In this work, we will combine the two concepts of interference and polarization of light, focusing on the synthesis and analysis of a non-uniformly totally polarized (NUTP) field.
The synthesis, characterization, and propagation of paraxial NUTP beams in their transverse section have received extraordinary attention among the scientific community in recent years. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] The usefulness of NUTP beams in the improvement of numerous applications has been largely demonstrated. To cite some examples, NUTP beams have been used in particle manipulation, 12, 13 polarimetry, [14] [15] [16] material processing, [17] [18] [19] angular momentum generation, [20] [21] [22] optical encryption, 23 etc. Numerous methods for synthesizing NUTP beams have been proposed. 5, 6, 10, 11, 24, 25 One straightforward way to obtain them is through superposition of two beams presenting different states of polarization. Moreover, interference with polarized light allows one to obtain relevant information about its polarization and coherence characteristics. [26] [27] [28] [29] [30] [31] [32] [33] [34] In addition, numerous works deal with the interference of polarized light from a didactic point of view. Some of them are focused on the experimental confirmation of the FresnelArago laws with Young's double slit experiment. [35] [36] [37] [38] [39] [40] In others, different experimental schemes have been proposed to study interference with polarized light, for example, by using a Michelson interferometer, anisotropic prisms, or spatial light modulators. [41] [42] [43] [44] [45] In some of these papers, theoretical polarization maps have been shown. However, from the experimental point of view, only a single polarizer has been used to test the non-uniformity of the polarization state across the output beam section.
In this work, the issue of non-uniformly polarized beams is presented to students through a simple and inexpensive interference experiment using a Fresnel biprism where two dichroic polarizers are placed before each part of the biprism. The transmission axes are oriented perpendicular to each other so two orthogonally polarized fields are generated. After the biprism, these two fields superpose, and simple analytic expressions for the Jones and Stokes vectors of the output beam are derived. The students can explore two alternative ways of measuring the polarization state and verify that the theoretical results fit very well with the experimental results. The polarization state pattern is determined by means of either a CCD camera or a commercial polarimeter.
The work has been organized as follows. In Sec. II, the underlying theory is presented. The two experimental setup and results are discussed in Sec. III. Finally, Sec. IV summarizes the main conclusions of this paper.
II. THEORY
The Jones formalism is an appropriate tool to deal with totally polarized light. 1, 46 The electric field of a monochromatic, totally uniformly polarized plane wave propagating along the z axis of a suitable reference system can be expressed as
where the subscript "in" indicates incident beam, E 0x and E 0y are the amplitudes of the field along the x and y axes, respectively, u is the relative phase between both field components, x is the angular frequency, t is the time, k is the wavevector, and u x (u y ) is a unit vector along x (y) direction. The two orthogonal components of the corresponding electric field can be arranged in a 2 Â 1 Jones vector
where i denotes the imaginary unit and Euler's relation has been used. This beam impinges onto a Fresnel biprism of maximum thickness D and acute angle a (Fig. 1) . Two dichroic polarizers, P 1 and P 2 , with perpendicular transmission axes, have been placed in front of the top and bottom prisms, respectively, so light passing through the top prism has an orthogonal polarization state to that passing through the bottom prism. In this case, no interference fringes are formed at the observation plane due to the orthogonality of the two fields superposing at any point. Multiple reflections between the polarizers and the biprism are neglected. The two orthogonal fields observed at a given point (for example, at a height y 0 in the observation plane) have acquired different phases due to the difference in the optical paths nd(y 1 ) þ l 1 and nd(y 2 ) þ l 2 , respectively. Here, n is the refractive index of the biprism, d(y j ) with j ¼ 1, 2 is the propagation distance inside the biprism for different y j , and l j is the propagation distance outside the biprism (see Fig. 1 ). Due to the variation of the optical path difference, the polarization state at the observation plane changes with height y 0 and the field so obtained is non-uniformly polarized.
The field at an arbitrary point in the observation plane can be expressed as
where the subscript "op" stands for observation plane, t ? and t 0 ? (t k and t 0 k ) are the transmission coefficients at the input and output surfaces of the biprism for the field component orthogonal (parallel) to the incidence plane. The propagation direction of the upper (lower) part of the beam after the biprism forms a small angle Àb (b) with the z axis, so the parallel component to the incidence plane is not exactly parallel to the y axis. However, this has a negligible effect on the state of polarization. Due to the opposite deviation of the exiting beams relative to the z axis, the two output beams superpose in an extended but finite region behind the biprism. The extent of such a region depends on the beam width and the prism angle a.
The propagation distance inside the biprism is related to the biprism angle and maximum thickness D through ( Fig. 1 )
From Snell's law of refraction and the geometry of the experiment ( Fig. 1) , the optical paths can be expressed in terms of experimental quantities L (distance from the input plane of the biprism to the observation plane), D, and a. The angle b in Fig. 1 can be found by applying Snell's law
On the other hand, once the height y 0 on the observation plane is fixed, the heights y 1 and y 2 can be found as
which allows us to express y 1 and y 2 in terms of y 0
Substitution of Eq. (7) into Eq. (4) yields
The angle b in Fig. 1 is also related to the separation L between the biprism input plane and the observation plane, and the distances l 1 and d(y 1 ) or l 2 and d(y 2 ) as
So, using Eq. (9), the following relations can be obtained for the distances l 1 and l 2 :
which can be expressed in terms of experimental parameters as
By using these values and the distances d(y 1 ) and d(y 2 ) obtained from Eq. (4), the optical paths become 
so the optical path difference is
The Jones vector of the field at the observation plane can then be expressed as
Ài2ky 0 tan a nÀ
where an irrelevant common phase factor has been omitted. Under the paraxial approximation (a is typically of the order of 1 ), the simplified expressions tan a ffi sin a ffi a; sin b ffi b ffi ðn À 1Þa, and cos b ffi 1 can be used, so the Jones vector of the field is approximately
Ài2ky 0 aðnÀ1Þ
Note that Eq. (15) could be obtained by calculating the superposition of two plane waves propagating at angles 6b and applying the paraxial approximation. The calculated field at the observation plane represents a nonuniformly polarized field, which can be modified at will by changing the input beam characteristics. Figure 2 shows the obtained polarization pattern for the case of linearly polarized at 45 input light. A biprism with n ¼ 1.515, a ¼ 1.5
, and wavelength k ¼ 632.8 Â 10 À6 mm was used. A periodic variation of the state of polarization along the ydirection is observed, that is, a polarization grating 14, [47] [48] [49] is generated in a simple way. The period K of the polarization state variation can be obtained by equating the phase difference to 2p, resulting in
which is K ' 23 lm for the experimental values. A useful way to describe the state of polarization is by means of Stokes parameters. The reason for employing Stokes parameters instead of the Jones vector in the following is that the former represent directly measurable quantities. 1 The Stokes parameters can be obtained via
where Re{Á} and Im{Á} denote real and imaginary part, respectively, and for brevity the dependence on the spatial coordinates has been omitted. The first Stokes parameter (S 0 ) coincides with the total irradiance, while the three remaining parameters represent the differences between the contents of linearly polarized light along the x and y axes, between the contents of linearly polarized light at 45 and À45 , and between right-handed and left-handed circularly polarized contents of the beam, respectively. 1 In our case, the Stokes vector of the field at the observation plane is
It can be easily checked that this set of Stokes parameters satisfy the relation
in the whole observation plane, which means that the output beam is totally polarized. However, as the Stokes vector components S 2 and S 3 depend on the vertical coordinate, the field is a nonuniformly totally polarized beam. 50 The polarization state can be graphically represented by its corresponding polarization ellipse, which can be directly obtained from the Stokes parameters. 1, 46 In fact, the azimuth w and the ellipticity v angles can be found as
and
respectively. 1, 46 When the coordinate y of the observation point varies, the state of polarization changes. Figure 2 shows the polarization pattern calculated at the output of a biprism with refractive . The input light is linearly polarized with the azimuth at 45 and wavelength k ¼ 632.8 nm. It can be observed that the polarization state is repeated periodically along the y direction.
The state of polarization can be graphically visualized by means of its representation on the Poincar e sphere. 1 Remember that totally polarized states correspond to points on the surface of the Poincar e sphere, while points inside the sphere represent partially polarized light, and the center of the sphere corresponds to unpolarized light. The theoretical variation, over a period, of the polarization state on the surface of the Poincar e sphere is represented in Fig. 3 with the same values of the parameters used in Fig. 2 . Note that when the observation point moves in the y direction, the state of polarization goes from linearly polarized with azimuth 45 , to elliptically polarized following a meridian, then right-circularly polarized light is observed for a given height, then linearly polarized light with azimuth À45
, followed by left-circularly polarized light, and finally linearly polarized light with azimuth 45 when a full period is covered. The representation on the Poincar e sphere covers nearly a meridian, and the slight differences are due to the difference between the products of the corresponding transmission coefficients t ? t 
III. EXPERIMENT
In order to check the predicted behavior for the polarization pattern at the output of the biprism along the y direction, the experimental set-up shown schematically in Fig. 4 was developed. Note that only common optical elements that can be found in an undergraduate optics laboratory are used. Two different polarization state analyzers are employed: the first one consisting of a quarter-wave phase QWP plate, a linear polarizer P 3 , and a CCD camera (shown in Fig. 4) and a second one consisting of a commercial polarimeter with a pinhole at its entrance (not shown in Fig. 4) .
For the incident light, a 1.5 mW He-Ne laser linearly polarized at 45 has been used. The microscope objective MO together with the pinhole PH and lens L 1 are used to spatially filter and expand the laser beam. This expanded beam impinges onto two polarizers with their transmission axes orthogonal to each other (along horizontal, P 1 , and vertical, P 2 , directions, respectively). The dividing line of the two polarizers is exactly placed in the biprism symmetry plane. A BK7 glass biprism with acute angle a ¼ 1.5 and refractive index n ¼ 1.515 at 632.8 nm is used. Note that possible Fabry-Perot interferences due to multiple reflections between the polarizers output plane and biprism input plane are avoided if these two planes are not perfectly parallel. Additionally, the reflectance in these two planes is small enough to be neglected when compared to the directly transmitted laser beam.
In the first experiment, the Stokes parameters are measured as follows. A lens L 2 is used to image the observation plane on a CCD camera (Pulnix TM-765) connected to a computer. A QWP and a linear polarizer P 3 are used as a polarization state analyzer. Without the QWP, two images are registered, one with the polarizer P 3 transmission axis along the x direction and a second one with the axis along the y direction. The sum and difference of these the two images result in S 0 and S 1 parameters, respectively. The subtraction of the two images registered with the polarizer P 3 transmission axis at 45 and at À45 gives the S 2 Stokes parameter. Finally, by placing the QWP before the polarizer P 3 and acquiring two additional images with the polarizer P 3 transmission axis at 45 and at À45 , the fourth Stokes parameter S 3 is obtained as the difference of these two last images. The Stokes parameters vary with y, so the Stokes vector is calculated at each pixel and then the polarization pattern is obtained.
Note that if polarizers P 1 and P 2 are removed from the setup sketched in Fig. 4 , the typical interference fringes appear over an extended region. These fringes disappear when the polarizers P 1 and P 2 are appropriately positioned because two fields with orthogonal polarizations are superposed on the observation plane. However, when polarizer P 3 is included, fringes with a different intensity appear behind P 3 due to the variation of the polarization state along the y direction. This fact can be directly observed in the image shown on the computer screen of Fig. 4 .
The measured polarization pattern is shown in Fig. 5 . It can be observed that the polarization state changes in a periodic way along the y direction, while it is almost invariant along the x direction. This polarization pattern is qualitatively the same as the theoretical pattern (Fig. 2) . The slight differences are mainly due to the discretization of representing the polarization ellipses, the nonuniformity of the experimental intensity, and the misalignment of polarizers P 1 and P 2 in the experimental setup.
In the second experiment, the polarization state analyzer and the CCD camera in the setup represented in Fig. 4 are replaced by a commercial polarimeter (Thorlabs TXP polarimeter). This polarimeter has been modified by inserting a 300 lm diameter pinhole in its entrance to select an area small enough where the polarization state can be considered almost uniform. The polarimeter has been mounted on a micropositioner that can move along the x and y directions. When the polarimeter moves along the x direction, no changes in the polarization state are observed. However, when the micropositioner moves the polarimeter along the y direction, the state of polarization of the output beam changes periodically. The results are shown in Fig. 6 . In this figure, it can be seen that the polarization state changes from almost linearly polarized to near circular polarization, passing through elliptical polarization and changing from left to right-handed polarization. It has also been verified that no changes in the polarization state are observed when the two polarizers P 1 and P 2 are removed and the polarimeter moves in any direction.
It can be observed that in half of a meridian (s 2 < 0), the azimuth is constant and equal to Àp/4, while in the other half of the meridian (s 2 > 0), the azimuth is constant and equal to p/4. On the other hand, the ellipticity varies linearly from Àp/4 for left-handed circularly polarized light to p/4 for right-handed circularly polarized light and vice versa over a full period. The experimental points are quite close to the predicted ones. The deviations observed in the azimuth are mainly due to the difference between the intensities at the output of polarizers P 1 and P 2 . Note that the incident field is approximately a Gaussian beam instead of a plane wave with uniform intensity across the transverse section. If the Gaussian beam axis is not perfectly aligned with the biprism symmetry plane, the output fields from the polarizers P 1 and P 2 are not symmetric giving rise to other states of polarization than those theoretically predicted. Moreover, misalignments in the experimental setup will also affect the measured polarization states and make them deviate from the theoretical predictions.
IV. CONCLUSION
The subject of non-uniformly polarized fields and interference with polarized light is introduced to physics students through an experiment that can be carried out in an undergraduate optics laboratory. By placing two linear polarizers with their transmission axes orthogonal to each other in front of a Fresnel biprism, it can be observed on a screen that the interference fringes disappear. This is a straightforward way to confirm some of the Fresnel-Arago laws of interference. However, students can go further and analyze what the polarization state of the field is in the superposition area. Under certain approximations, it is an easy task to find analytic expressions for the Jones vector and for the Stokes parameters of the field. The dependence of these vectors on a transverse coordinate indicates that a non-uniform polarization pattern is formed in the superposition area. It has been shown that this polarization pattern can be determined experimentally, either through intensity measurements with a CCD camera or by using a commercial polarimeter.
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